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We present a detailed lattice calculation of the unpolarized isovector quark PDF from the large-
momentum effective theory approach. In this calculation, the quasi-PDF is defined by a spatial
correlator that is free from mixing with operators of the same dimension, and is nonperturbatively
renormalized in a regularization-independent momentum subtraction scheme. The renormalized
quasi-PDF is then matched to the MS PDF at one-loop order in perturbative QCD. The lattice
simulation is done using Gaussian-momentum-smeared source at Mpi = 310 MeV with the nucleon
momentum Pz ∈ {1.7, 2.15, 2.6} GeV. Five source-sink separations have been used in our analysis to
control the systematics associated with excited-state contamination. The systematic errors due to
renormalization and perturbative matching are carefully studied. The final result is in reasonable
agreement with the PDF from the latest phenomenological analyses.
I. INTRODUCTION
Parton distribution functions (PDFs) are important
quantities for understanding the hadron structure and
are key inputs for making predictions for high-energy
scattering cross sections [1–3]. Calculating PDFs from
first principles has long been a holy grail in nuclear and
high-energy physics. Since PDFs receive contributions
from the low-energy quark and gluon degrees of freedom
in the hadron, they involve strong infrared (IR) dynam-
ics and can only be solved by nonperturbative methods
such as lattice QCD.
In QCD factorization theorems [4], the quark PDF is
defined as
q(x, µ) ≡
∫
dξ−
4pi
e−ixP
+ξ−〈P |ψ¯(ξ−)γ+U(ξ−, 0)ψ(0)|P 〉,
(1)
where x is the quark momentum fraction, µ is the renor-
malization scale in the MS scheme, Pµ = (P0, 0, 0, Pz)
and ξ± = (t ± z)/√2 are the nucleon momentum and
the light-cone coordinates, respectively. |P 〉 denotes the
nucleon state. The light-like Wilson line is
U(ξ−, 0) = P exp
(
−ig
∫ ξ−
0
dη−A+(η−)
)
. (2)
The direct calculation of PDFs on a Euclidean lattice
has been extremely difficult, since PDFs involve real-time
dependence, while lattice simulations are carried out with
imaginary time. Early studies based on the operator
product expansion (OPE) were only able to calculate the
lowest few moments of the PDFs [5–8] from lattice QCD.
Recently, a breakthrough has been made to directly
access the full x-dependence of PDFs, instead of their
moments, from lattice QCD. This is the large-momentum
effective theory (LaMET) proposed by Ji in Refs. [9, 10].
It allows to extract PDFs—as well as other parton
observables—from the matrix elements of certain static
operators in a large-momentum nucleon state. The lat-
ter, referred to as a quasi observable, can be factorized
into the parton observable and a perturbative matching
coefficient, up to corrections suppressed by powers of the
nucleon momentum. The quasi observables can be di-
rectly obtained from lattice simulations, and the match-
ing coefficients can be calculated in perturbative QCD.
To calculate the quark PDF in LaMET, one starts from
the “quasi-PDF” whose bare matrix element is defined
using an equal-time correlation of quarks along the z di-
rection [9],
q˜Γ(x, Pz, µ˜) ≡
∫ ∞
−∞
dz
4pi
eixPzz〈P |OΓ(z)|P 〉 , (3)
where OΓ(z) = ψ¯(z)ΓU(z, 0)ψ(0) with Γ = γ
z, and the
space-like Wilson line U(z, 0) is
U(z, 0) = P exp
(
−ig
∫ z
0
dz′Az(z′)
)
. (4)
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2For finite momentum Pz, q˜(x, Pz, µ˜) has support in
−∞ < x < ∞. According to Ref. [11], for the quasi-
PDF one could also replace Γ = γz with γt in Eq. (3),
as both definitions approach the PDF under an infinite
Lorentz boost along the z direction. Unlike the PDF
that is boost invariant, the quasi-PDF has a nontriv-
ial dependence on the nucleon momentum Pz. When
the nucleon momentum Pz  {M,ΛQCD} with M be-
ing the nucleon mass, we can match the renormalized
quasi-PDF (throughout this paper, we will focus on
the regularization-independent momentum subtraction
(RI/MOM) scheme) to the MS PDF through the fac-
torization theorem [9, 10, 12, 13],
q˜(x, Pz, p
R
z , µR) =
∫ 1
−1
dy
|y| C
(
x
y
, r,
yPz
µ
,
yPz
pRz
)
q(y, µ)
+O
(
M2
P 2z
,
Λ2QCD
P 2z
)
, (5)
where pRz and µR are scales introduced in the RI/MOM
scheme, r = µ2R/p
R
z
2
, C is the perturbative matching co-
efficient, and O(M2/P 2z ,Λ2QCD/P 2z ) denotes target mass
and higher-twist contributions suppressed by the nucleon
momentum. The flavor indices of q, q˜, and C are implied,
and −1 < y < 0 corresponds to the anti-quark distribu-
tion.
The LaMET approach opened a new window for the
lattice calculation of PDFs, and much progress has been
made since Ji’s proposal. It was first applied to the lat-
tice calculation of the proton isovector quark distribu-
tion fu−d [14–19], including the unpolarized, polarized
and transversity cases, and later also to the meson dis-
tribution amplitudes [20, 21]. In the early lattice stud-
ies, the one-loop matching coefficients were calculated
in a transverse-momentum cutoff scheme [22–24], and
the nucleon mass correction was worked out to all or-
ders of M2/P 2z [16], while the higher-twist O(Λ
2
QCD/P
2
z )
correction was numerically removed by fitting the re-
sults at different Pz with a polynomial of 1/P
2
z and ex-
trapolating to infinite momentum [14, 16]. However, as
was discovered in Ref. [22], the quasi-PDF suffers from
ultraviolet (UV) linear divergence which poses a seri-
ous problem for the renormalization of its lattice matrix
elements. The renormalization property of the quasi-
PDF was immensely studied in Refs. [25–33], and its
multiplicative renormalizability in coordinate space was
proven to all orders of perturbation theory [30, 31]. This
finding motivated the lattice analysis of nonperturba-
tive renormalization of the quasi-PDF [32, 34, 35] in
RI/MOM scheme [36], and a calculation of the match-
ing between the RI/MOM quasi-PDF and MS PDF [12].
The latter can also be divided into two steps: first
match the quasi-PDF from the RI/MOM scheme to the
MS scheme [29, 32], and then to the MS PDF using
the matching coefficient first calculated in Ref. [25] and
amended in Ref. [13]. Based on these studies, calcula-
tions of the isovector quark PDF at physical pion mass
have become available [37–39]. Potential operator mix-
ing in the lattice renormalization of the quasi-PDF has
also been investigated [29, 32, 34, 35], with the mixing
pattern being classified in Ref. [40]. Ways to improve the
systematic uncertainties from Fourier transforming the
spatial correlation at long distance was also proposed in
Refs. [37, 41].
The application of LaMET to the lattice calculation
of transverse-momentum-dependent distributions was in-
vestigated in Refs. [42, 43]. Apart from the quark sec-
tor, the renormalization and matching of the gluon quasi-
PDF has also been studied in Refs. [44, 45].
Meanwhile, other approaches have also been proposed
to calculate the PDFs from lattice QCD. Motivated by
LaMET, it was proposed that one can extract the PDFs
from a wider class of “lattice cross sections” [46, 47], and
the quasi-PDF is one good choice. Besides, a smeared
quasi-PDF in the gradient flow method is proposed to
do away with the power divergence in the lattice calcula-
tion [48, 49]. More recently, it was suggested that one can
study instead a pseudo distribution [50] which is related
to the quasi-PDF through Fourier transforms. While this
method shows nice systematic uncertainties and some in-
teresting renormalization feature [51, 52], it is essentially
equivalent to the LaMET approach [13, 53, 54] and offers
no new physics regarding the factorization into PDFs. In
addition, there are proposals using current-current cor-
relators to compute the hadronic tensor [55, 56], or the
higher moments of the PDF, PDA, etc. [56–60]. These
different approaches are subject to their own systematics,
but they can be complementary to each other.
It should be noted that the power divergence of the
quasi-PDF in a UV cut-off scheme has raised the con-
cern of breaking down of the factorization theorem and
even the LaMET approach [61–63]. The multiplicative
renormalizability [30, 31] of the quasi-PDF in coordinate
space and recent derivation of the factorization formula
from OPE [13] should resolve the concern in Ref. [61].
Meanwhile, it is claimed [62, 63] that the power diver-
gent mixing between the local moment operators will
spoil the renormalization of the quasi-PDF. This is a
misunderstanding of the LaMET approach, because one
shall first obtain the continuum limit of the quasi-PDF
after renormalization on the lattice, and then match
it to obtain the x-dependence of the PDF. Since the
factorization formula for matching has been derived
rigorously [13, 46] in the continuum, we only need to
make sure that the continuum limit of the renormalized
lattice quasi-PDF exists in the first step, which allows us
to focus on the renormalization of the nonlocal spatial
correlator only. The moments (except for the lowest)
of quasi-PDF are ill defined, so renormalization of the
local moment operators is irrelevant to the LaMET
analysis. Besides, there are also confusions on the
LaMET matching between Minkowskian and Euclidean
matrix elements of the quasi-PDF [64], which have been
clarified in Refs. [53, 65].
3Most of the lattice calculations of the unpolarized
quasi-PDF have been done for the Γ = γz case (except
[38, 39]), which mixes with O1 at O(a
0). The operator
mixing introduces an additional systematic uncertainty
in the nonperturbative renormalization that is not neg-
ligible [32, 34, 35, 37], thus limiting the accuracy of the
extracted PDF. Fortunately, according to Refs. [29, 40],
the Γ = γt case is free from operator mixing at O(a0),
although the mixing still exists at O(a) [40]. Therefore,
it is highly desirable to start from the quasi-PDF with
Γ = γt and examine how much improvement can be made
regarding the systematic uncertainty from operator mix-
ing in the renormalization procedure.
In this work, we carry out a lattice calculation of the
unpolarized iso-vector quark distribution from the quasi-
PDF with Γ = γt, where we perform the same non-
perturbative renormalization procedure as our previous
work for the Γ = γz case in Ref. [35]. The calcula-
tion is done using clover valence fermions on an ensemble
of gauge configurations with Nf = 2 + 1 + 1 (degener-
ate up/down, strange and charm) flavors of highly im-
proved staggered quarks (HISQ) [66] that at the pion
mass Mpi ≈ 310 MeV [67]. An improvement of the sys-
tematic uncertainty from the operator mixing has been
observed, and the updated results of the x-dependence
of the PDF shows strong positive signs of achieving pre-
cision calculation. We also examine the dependence of
the final results on the nucleon momentum Pz and the
RI/MOM scales pRz , µR, as well as on the choice of pro-
jection operator for the truncated Green’s function in
RI/MOM renormalization. Due to large uncertainties,
we were unable to see the sea quark asymmetry observed
in early studies without lattice renormalization [14–17].
We need to improve the accuracy of our calculation in
order to draw a decisive conclusion on this.
The rest of the paper is organized as follows: In Sec. II,
we review the procedure of nonperturbative renormal-
ization and matching of the quasi-PDF in the RI/MOM
scheme, where we provide the explicit one-loop matching
coefficient for the Γ = γt case. In Sec. III, we describe
the details of lattice simulation of the hadronic matrix
element of the quasi-PDF as well as its nonperturbative
renormalization. We also show that how do we estimate
the systematic error. In Sec. IV, we present our final
result on the x-dependence of the unpolarized isovector
quark PDF, with analysis of the statistical and system-
atic uncertainties. Finally, we summarize our work in
Sec. V.
II. NONPERTURBATIVE RENORMALIZATION
AND MATCHING
A nonperturbative renormalization on the lattice is re-
quired to obtain the continuum limit of the quasi-PDF
matrix element which is subject to linear and logarithmic
UV divergences. In this work, we follow the RI/MOM
scheme elaborated in Refs. [12, 35], and match the result
to the MS PDF with the one-loop matching coefficient
calculated with the method developed in Ref. [12].
A. RI/MOM renormalization on the lattice
To begin with, the spatial correlator OΓ(z) has been
proven to be multiplicatively renormalizable in coordi-
nate space [30, 31], which enables us to renormalize it
in the RI/MOM scheme that has been widely used for
the renormalization of local composite quark operators
in literature [36].
For each value of z, the RI/MOM renormalization con-
stant Z is calculated nonperturbatively from the lattice
by imposing that the renormalized loop corrections in the
matrix element of the quasi-PDF operator in an off-shell
quark state vanish at a given momentum:
Z(z, pRz , a
−1, µR) =
〈p, s|Oγt(z)|p, s〉
〈p, s|Oγt(z)|p, s〉tree
∣∣∣∣
p2 = −µ2R
pz = p
R
z
. (6)
The bare matrix element 〈p, s|Oγt(z)|p, s〉 is obtained
from the amputated Green’s function Λγt(p, z) of Oγt(z),
which is calculated on the lattice, with a projection op-
erator P for the Dirac matrix,
〈p, s|Oγt(z)|p, s〉 = Tr [Λγt(z, p)P] . (7)
Without Lorentz covariance in the operator OΓ(z), the
subtraction point for RI/MOM has to be specified by
two scales µR and p
R
z as defined in Eq. (6). As a result,
the renormalization constant Z(z, pRz , a
−1, µR) depends
on the lattice spacing as well as on the two RI/MOM
scales µR and p
R
z .
Based on the symmetry of OΓ(z) on the lattice, the
amputated Green’s function Λγt(p, z) is not only propor-
tional to the tree-level result γt, but also inlcudes two
other independent Lorentz structures:
Λγt(p, z) = F˜t(p, z)γ
t + F˜z(p, z)
ptγ
z
pz
+ F˜p(p, z)
pt/p
p2
, (8)
where F˜i’s are form factors that are invariant under
the hyper cubic group H(4). Therefore, the RI/MOM
renormalization constant Z will also depend on how we
choose the projection operator P. According to Ref. [12],
we can choose P to only project out F˜t, which we call
the minimal projection as it captures all the UV diver-
gence in Λγt(p, z). On the other hand, we can choose
P = /p/(4pt) [12], which we call the /p projection. The
renormalization constant Z with the minimal and /p pro-
jections are
Zmp(z, p
R
z , a
−1, µR) ≡F˜t(p, z)
∣∣∣p2 = −µ2R
pz = p
R
z
, (9)
Z/p(z, p
R
z , a
−1, µR) ≡
[
F˜t(p, z) + F˜z(p, z)
+ F˜p(p, z)
]∣∣∣∣p2 = −µ2R
pz = p
R
z
. (10)
4Now for the bare nucleon matrix element of the spatial
correlator from lattice calculation,
h˜(z, Pz, a
−1) =
1
2P 0
〈P |Oγt(z)|P 〉 , (11)
we cam renormalize it in coordinate space as
h˜R(z, Pz, p
R
z , µR)
= Z−1(z, pRz , a
−1, µR)h˜(z, Pz, a−1)
∣∣∣
a→0
, (12)
where h˜R(z, Pz, p
R
z , µR) is the continuum limit of
the renormalized matrix element. Consequently,
the RI/MOM quasi-PDF q˜R(x, Pz, p
R
z , µR) is obtained
through the Fourier transform of h˜R(z, Pz, p
R
z , µR),
q˜R(x, Pz, p
R
z , µR) = Pz
∫
dz
2pi
eixPzzh˜R(z, Pz, p
R
z , µR).
(13)
h˜R(z, Pz, p
R
z , µR) and q˜R(x, Pz, p
R
z , µR) are independent
of the UV regulator, so the matching between the quasi-
PDF and MS PDF can be carried out in the continuum
theory with dimensional regularization.
Note that both Zmp and Z/p are supposed to be pertur-
bative quantities (in the sense that they only depend on
perturbative scales pRz , µR  ΛQCD), so they will lead
to renormalized quasi-PDFs that only differ perturba-
tively. Nevertheless, since the quasi-PDFs will eventually
be matched to the same unique MS PDF which does not
depend on the projection operator, their matching coef-
ficients by default will be guaranteed to compensate for
the differences in the two renormalization constants, as
long as the latter are calculated to all orders of pertur-
bation theory. In practice, the matching coefficient can
only be calculated at fixed loop order, so dependence on
the projection operator cannot be completely cancelled
out.
Under the same logic, the quasi-PDF’s dependence on
the RI/MOM scales µR and p
R
z , as well as the nucleon
momentum Pz, should also be fully cancelled out by the
matching coefficient, but a fixed-order matching calcu-
lation will inevtiably lead to residual dependence over
them in the final result for the PDF. These dependences
are carefully studied and included in our systematic un-
certainties.
B. One-loop matching for quasi-PDF and PDF
Following the nonperturbative renormalization of the
quasi-PDF, the next step is to match it to the MS PDF.
In Refs. [29, 34, 38], the spatial correlator h˜R is first con-
verted to an intermediate scheme such as MS, and then
it is Fourier transformed into the MS quasi-PDF, and
eventually matched to the MS PDF with the equations
in [13]. Instead of performing this two-step matching, we
use the strategy proposed in Ref. [12] to directly match
q˜R(x, Pz, p
R
z , µR) to the MS PDF in one step. Although
in principle it is equivalent to the two-step procedure, the
direct matching can possibly save us from additional sys-
tematic uncertainties when we implement them numeri-
cally on the lattice data. The efficiency of both strategies
can be compared in the end to check consistency.
To obtain the matching between the RI/MOM quasi-
PDF q˜R(x, Pz, p
R
z , µR) and lightcone-PDF q(x, µ), we can
calculate their off-shell quark matrix elements in pertur-
bation theory. In the following, we choose to work in
Landau gauge that is used for lattice renormalization,
and then calculate for both the minimal and /p projec-
tions.
At tree level, the quasi-PDF is
q˜(0)(x) = δ(1− x) , (14)
At one-loop order (see Appendix for the result in general covariant gauge with general Γ) is
q˜(1)(x, p, ρ) = Tr
[([
f˜t(x, ρ)
]
+
γt +
[
f˜z(x, ρ)
]
+
pt
pz
γz +
[
f˜p(x, ρ)
]
+
pt/p
p2
)
P
]
, (15)
where
f˜t(x, ρ) =
αsCF
2pi

8x2(1−x)−xρ(13−10x)+3ρ2
2(1−x)(1−ρ)(4x−4x2−ρ) +
16x2(2−3x+x2)−4xρ(5−3x−x2)+ρ2(3+x)
4(1−x)(1−ρ)3/2(4x−4x2−ρ) ln
2x−1+√1−ρ
2x−1−√1−ρ x > 1
x(−7+4x)+3ρ
2(1−x)(1−ρ) +
4x(2−x)−ρ(3+x)
4(1−x)(1−ρ)3/2 ln
1+
√
1−ρ
1−√1−ρ 0 < x < 1
− 8x2(1−x)−xρ(13−10x)+3ρ22(1−x)(1−ρ)(4x−4x2−ρ) − 16x
2(2−3x+x2)−4xρ(5−3x−x2)+ρ2(3+x)
4(1−x)(1−ρ)3/2(4x−4x2−ρ) ln
2x−1+√1−ρ
2x−1−√1−ρ x < 0
, (16)
f˜z(x, ρ) =
αsCF
2pi

−32x2(1−x)2(2x−1)−4xρ(8−43x+65x2−38x3+8x4)+ρ2(5−41x+42x2−8x3)+2ρ3(2−x)
2(1−x)(1−ρ)2(4x−4x2−ρ)2
+ 4−8x+8x
2+ρ(3−13x+4x2)+2ρ2
4(1−x)(1−ρ)5/2 ln
2x−1+√1−ρ
2x−1−√1−ρ
x > 1
−5+15x−12x2−2ρ(2−3x)
2(1−x)(1−ρ)2 +
4−8x+8x2+ρ(3−13x+4x2)+2ρ2
4(1−x)(1−ρ)5/2 ln
1+
√
1−ρ
1−√1−ρ 0 < x < 1
−−32x2(1−x)2(2x−1)−4xρ(8−43x+65x2−38x3+8x4)+ρ2(5−41x+42x2−8x3)+2ρ3(2−x)2(1−x)(1−ρ)2(4x−4x2−ρ)2
− 4−8x+8x2+ρ(3−13x+4x2)+2ρ2
4(1−x)(1−ρ)5/2 ln
2x−1+√1−ρ
2x−1−√1−ρ
x < 0
, (17)
5f˜p(x, ρ) =
αsCF
2pi

16xρ(1−x)2(1−6x)−2ρ2(1−22x+26x2−4x3)−ρ3(7−6x)
2(1−ρ)2(4x−4x2−ρ)2 +
−ρ(8−12x+ρ)
4(1−ρ)5/2 ln
2x−1+√1−ρ
2x−1−√1−ρ x > 1
2−4x+ρ(7−8x)
2(1−ρ)2 +
−ρ(8−12x+ρ)
4(1−ρ)5/2 ln
1+
√
1−ρ
1−√1−ρ 0 < x < 1
− 16xρ(1−x)2(1−6x)−2ρ2(1−22x+26x2−4x3)−ρ3(7−6x)2(1−ρ)2(4x−4x2−ρ)2 − −ρ(8−12x+ρ)4(1−ρ)5/2 ln 2x−1+
√
1−ρ
2x−1−√1−ρ x < 0
, (18)
and
ρ =
−p2 − i
p2z
(19)
with i giving the prescription to analytically continue ρ
from ρ < 1 (Minkowski) to ρ > 1 (Euclidean). In order to
combine the real and virtual contributions, we have used
the generalized plus functions defined with two arbitrary
functions h(x) and g(x),∫
dx [h(x)]+ g(x) =
∫
dx h(x) [g(x)− g(1)] . (20)
Notice that we have used the vector current conservation
to combine the vertex correction and the wave function
contributions, as in Ref. [12].
For the lightcone-PDF with the same off-shellness IR
regulation in the Landau gauge, the tree level contribu-
tion is
q(0)(x) = δ(1− x) , (21)
and the renormalized one-loop correction in the MS
scheme is
q(1)(x, p, µ)
=Tr
[([
f+
(
x,
µ2
p2
)]
+
γ+ +
[
fp(x)
p+/p
p2
]
+
)
P
]
, (22)
where
f+
(
x,
µ2
p2
)
=
αsCF
2pi
[−5 + 10x− 6x2
2(1− x)
+
1 + x2
1− x ln
µ2
−x(1− x)p2
]
θ(x)θ(1− x) ,
(23)
and
fp(x) =
αsCF
2pi
(1− 2x)θ(x)θ(1− x) . (24)
To obtain the matching coefficient, we first introduce
the minimal projection, which picks up minimal terms
in Eqs. (15) and (22). To match the quasi-PDF and
lightcone-PDF, we need to take the on shell limit (p2 → 0
or ρ → 0) and large momentum limit (pt → pz) of the
bare quasi-PDF
q˜
(1)
B (x, ρ) = q˜
(1)(x, (pt → pz, ~p⊥, pz), ρ→ 0). (25)
We observe that terms proportional to γt and γz in Eq.
(15) approach to the light-cone operator and the com-
bination of these two terms gives the correct collinear
divergence. Therefore the bare quasi-PDF in minimal
projection is chosen to pick up the coefficient of γt and
γz in Eq. (15). That is, in quasi-PDF
q˜
(1)
B (x, ρ)
∣∣∣
mp
=
[
f˜t(x, ρ) + f˜z(x, ρ)
]
+
∣∣∣∣
ρ→0
. (26)
For the lightcone-PDF, we choose the coefficient of γ+
in Eq. (22). That is,
q(1)(x, p, µ)
∣∣∣
mp
= f+
(
x,
µ2
p2
)
+
. (27)
The matching coefficient for the bare quasi-PDF is
q˜
(1)
B (x, ρ)
∣∣∣
mp
− q(1)(x, p, µ)
∣∣∣∣
mp
= f1,mp
(
x,
pz
µ
)
+
, (28)
where
f1,mp
(
x,
pz
µ
)
=
αsCF
2pi

1 + x2
1− x ln
x
x− 1 + 1 x > 1
1 + x2
1− x ln
4x(1− x)p2z
µ2
− x(1 + x)
1− x 0 < x < 1
−1 + x
2
1− x ln
x
x− 1 − 1 x < 0
. (29)
Next we need to choose a projection to obtain the counterterm for the RI/MOM renormalized quasi-PDF. Note that
this projection does not need to be the same as the one to match the lightcone-PDF. We find that in the asymptotic
limit |x| → ∞, only f˜t(x, ρ) behaves as 1/|x|, which is UV divergent when integrated over x. Therefore, the projection
6is chosen to pick up the coefficient of γt in Eq. (15), which also has to be the same on the lattice side. The counterterm
is
q˜
(1)
CT
(
x, r,
pz
pRz
) ∣∣∣∣
mp
=
∣∣∣∣ pzpRz
∣∣∣∣ q˜(1)(1 + pzpRz (x− 1), pz = pRz , ρ = r
) ∣∣∣∣
mp
=
∣∣∣∣ pzpRz
∣∣∣∣ f2,mp(1 + pzpRz (x− 1), r
)
+
, (30)
where r = µ2R/p
R
z
2
, and
f2,mp(x, r) = f˜t(x, r) =
αsCF
2pi

−3r2+13rx−8x2−10rx2+8x3
2(r−1)(x−1)(r−4x+4x2) +
−3r+8x−rx−4x2
2(r−1)3/2(x−1) tan
−1
√
r−1
2x−1 x > 1
−3r+7x−4x2
2(r−1)(1−x) +
3r−8x+rx+4x2
2(r−1)3/2(1−x) tan
−1√r − 1 0 < x < 1
−−3r2+13rx−8x2−10rx2+8x32(r−1)(x−1)(r−4x+4x2) − −3r+8x−rx−4x
2
2(r−1)3/2(x−1) tan
−1
√
r−1
2x−1 x < 0
. (31)
Finally, the factorization formula for the RI/MOM quasi-PDF q˜R(x, Pz, p
R
z , µR) is,
q˜R(x, Pz, p
R
z , µR) =
∫ 1
−1
dy
|y| C
(
x
y
, r,
yPz
µ
,
yPz
pRz
)
q(y, µ) +O
(
M2
P 2z
,
Λ2QCD
P 2z
)
, (32)
and the matching coefficient C is
C
(
x, r,
pz
µ
,
pz
pRz
)
= δ(1− x) +
[
q˜
(1)
B (x, ρ)− q(1)(x, p, µ)− q˜(1)CT
(
x, r,
pz
pRz
)] ∣∣∣∣∣
mp
+O(α2s)
= δ(1− x) +
[
f1,mp
(
x,
pz
µ
)
−
∣∣∣∣ pzpRz
∣∣∣∣ f2,mp(1 + pzpRz (x− 1), r
)]
+
+O(α2s) , (33)
where the coupling αs(µ) is in the standard MS scheme. Note that we have absorbed the antiquark distribution into
the region −1 < y < 0 by setting q(y) = −q¯(−y).
For /p projection,
q˜
(1)
B (x, ρ)
∣∣∣
/p
=
[
f˜t(x, ρ) + f˜z(x, ρ) + f˜p(x, ρ)
]
+
. (34)
Similarly, lightcone-PDF under similar projection is
q(1)(x, p, µ)
∣∣∣
/p
=
[
f+
(
x,
µ2
p2
)
+ fp(x)
]
+
. (35)
Under this projection, the matching coefficient for the bare quasi-PDF is the same as Eq. (28),
q˜
(1)
B (x, ρ)
∣∣∣
/p
− q(1)(x, p, µ)
∣∣∣∣
/p
= f1,/p
(
x,
pz
µ
)
+
= f1,mp
(
x,
pz
µ
)
+
. (36)
The projection operator for the counter-term and lattice renormalization is also P = /p/(4pt), so f2 becomes
f2,/p(x, r) =
αsCF
2pi

3−3r−2x
2(r−1)(x−1) +
4rx−8x2+8x3
(r−4x+4x2)2 +
2−2r−rx+2x2
(r−1)3/2(x−1) tan
−1
√
r−1
2x−1 x > 1
3−3r−2x+4x2
2(r−1)(1−x) +
−2+2r+rx−2x2
(r−1)3/2(1−x) tan
−1√r − 1 0 < x < 1
− 3−3r−2x2(r−1)(x−1) − 4rx−8x
2+8x3
(r−4x+4x2)2 − 2−2r−rx+2x
2
(r−1)3/2(x−1) tan
−1
√
r−1
2x−1 x < 0
. (37)
The corresponding RI/MOM matching coefficient is obtained by replacing “mp” with “/p” in Eq. (33).
III. LATTICE CALCULATION OF PDF
A. Lattice Nucleon Matrix Elements
As an example to demonstrate how the matching
works, we show the results of a lattice-QCD calculation
using clover valence fermions on an ensemble of gauge
configurations with lattice spacing a = 0.06 fm, pion
mass Mpi ≈ 310 MeV and box size L ≈ 2.9 fm (which
makes MpiL ≈ 4.5) with Nf = 2 + 1 + 1 (degenerate
7up/down, strange and charm) flavors of highly improved
staggered quarks (HISQ) [66] generated by MILC Col-
laboration [67]. The gauge links are hypercubic (HYP)-
smeared [68] and then clover-fermion parameters are
tuned to recover the lowest pion mass of the staggered
quarks in the sea. This setup is the same as the one
used in works done by PNDME [69–71]. HYP smearing
has been shown to significantly improve the discretiza-
tion effects on operators and shift their corresponding
renormalizations toward their tree-level values (near 1
for quark bilinear operators).
For the nucleon matrix element measurement, we use
Gaussian momentum smearing [72] for the quark field
ψ(x)→Smomψ(x) = 1
1 + 6α
(ψ(x) + α
∑
j
Uj(x)e
ikeˆjψ(x+ eˆj)) , (38)
where k is the desired momentum, Uj(x) are the gauge
links in the j direction, and α is a tunable parameter
as in traditional Gaussian smearing. Such a momentum
source is designed to increase the overlap with nucleons
of the desired boost momentum and we are able to reach
higher-boosted momentum for the nucleon states than
our previous work [35]. Although in our exploratory
study, we varied our Gaussian smearing radius to better
overlap with the largest momentum used in the calcu-
lation, the smearing of the field is still centered around
zero momentum in momentum space. When we switch
to the momentum smearing, the center of the smearing
will be shifted to momentum O(k), which will immedi-
ately allow us to reach higher boost momenta with bet-
ter signal-to-noise ratios in the matrix elements. In this
work, we use multiple values of nucleon boost momenta,
Pz = {0, 0, n 2piL }, with n ∈ {4, 5, 6}, which corresponds
to 1.7, 2.15 and 2.6 GeV nucleon momenta.
On the lattice, we first calculate the time-independent,
nonlocal (in space, chosen to be the z direction) correla-
tors of a nucleon with finite-Pz boost
h˜lat(z, Pz, a
−1) =
〈
~P
∣∣∣ ψ¯(z)Γ(∏
n
Uz(nzˆ)
)
ψ(0)
∣∣∣~P〉 ,
(39)
where Uz is a discrete gauge link in the z direction and
~P = {0, 0, Pz} is the momentum of the nucleon. Γ = γt
for the unpolarized parton distribution. Note that our
previous work for unpolarized quark distribution uses
Γ = γz; such an operator has mixing with matrix ele-
ments with Γ = 1 [29, 40], while the γt case is free from
such mixing at O(a0). In this work, we only study the
isovector unpolarized quark PDF.
As we increase the nucleon boost momentum, we antic-
ipate that excited-state contamination worsens, since the
states are relatively closer to each other; therefore, a care-
ful study of the excited-state contamination is necessary
for the LaMET (or quasi-/pseudo-PDF) approach. To
make sure the excited-state contamination is under con-
trol, we measure five nucleon three-point source-sink sep-
arations, 0.60, 0.72, 0.84, 0.96, 1.08 fm. We also perform
a number of different extraction and analysis schemes.
We use multigrid algorithm [73, 74] in the Chroma soft-
ware package [75] to speed up the inversion of the quark
propagator for the clover fermions.
We use multiple analysis methods to remove excited-
state systematics among 5 source-sink separations used
in this work: First, we use the “two-simRR” analysis de-
scribed in Ref. [71] to obtain the ground-state nucleon
matrix elements using all five source-sink separations.
(This analysis not only obtains the ground-state matrix
element but also the transition and excited-state matrix
elements.) A second extraction uses the same method
but only the largest four separations. Finally, we use
the “two-sim” analysis, which includes both the ground
state and the transition matrix elements but without the
excited matrix elements. Fig. 1 shows the real and imag-
inary parts of the matrix elements for all three momenta
using various combinations of data and analysis strate-
gies. There is no clear observation of excited-state con-
tamination using any of these analyses. If the excited
states were not under control, we should see these dif-
ferent analyses giving very different ground-state signals.
For the rest of this paper, we will take the middle anal-
ysis, focusing on the matrix element using “two-simRR”
with largest four source-sink separations only.
We generate the propagators for two values of µR (2.3
and 3.7 GeV), with the pRz = {0, 1, 2, 3, 4, 5} ∗ 4pi/L. For
all the momenta we find Zmp(0) and Z/p(0) to be al-
most the same. For nonzero z, the pRt dependence is
very small for all cases, as shown in Fig. 2, which is ex-
pected from symmetry argument. In that figure, we plot
the renormalization constant with the minimum projec-
tion Zmp and the difference between that with two pro-
jections (Z/p − Zmp), as a function of the Wilson link
length z, with the same µR and p
R
z but with different p
R
t
(p = (pRt , p
R
⊥, p
R
z ) with p
2 = µ2R, where the crosses show
the small-pRt case and the hollow boxes/dots show the
large-pRt one). They are very close at all z (the curves
with the same color). The remaining difference is at-
tributed to discretization errors.
However, the pRz dependence is strong, as we found in
the one-loop matching. The values of Zmp and Z/p−Zmp
at z = 8a (z ≈ 0.5 fm) are plotted in Fig. 3 as the
function of pRz . It is obvious that Z/p − Zmp can have
significant contribution for nonzero pz. Note that the
pz = 0 case is somehow special, where both Z/p − Zmp
and the imaginary part of Zmp are exactly zero.
The renormalized quasi-PDF matrix elements with
Pz = 10pi/L are plotted in Fig. 4, where p
R
z = 0, 10pi/L
and two values of µR are chosen for the renormalization
constants. The results with pRz = 0 but different µR are
consistent with each other within statistical uncertainties
of the bare lattice matrix elements.
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FIG. 1. The real (left) and imaginary (right) parts of the bare isovector nucleon matrix elements for unpolarized PDFs as
functions of z at different momenta. Their kinematic factors are omitted to enhance visibility by separating the z = 0 matrix
elements. The colors indicate the different nucleon boost momenta: blue, red and green for matrix elements from 1.7, 2.15 and
2.6 GeV, respectively. At a given positive z value, the data is slightly offset to show different ground-state extraction strategies;
from left to right they are: two-simRR using all tsep, two-simRR using the largest 4 t tsep, two-sim using the largest 3 t tsep.
Different analyses are consistent within statistical errors, which suggests the excited-state contamination is well controlled.
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FIG. 2. The values of the renormalization constant with the
minimum projection Zmp and the difference Z/p−Zmp between
that with two projections, as a function of z with the same
pRz and µR, but different p
R
t . The results (scaled by e
0.2z for
clarity) are almost independent of pRt
B. Systematic Error from Matching and
Perturbation Theory
To extract the PDF from the quasi-PDF, we need to
invert the factorization formula Eq. (5). This is done
by simply changing the sign of αs in C, which gives the
matching coefficient to be convoluted with q˜, and the
errors are of O(α2s). We therefore have
q(x, µ) =
∫ ∞
−∞
dy
|y| C
′
(
x
y
, r,
yPz
µ
,
yPz
pRz
)
q˜(y, Pz, p
R
z , µR)
+O
(
M2
P 2z
,
Λ2QCD
P 2z
, α2s
)
, (40)
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FIG. 3. The values of Zmp and Z/p − Zmp at z = 8a (z ≈
0.5 fm) as a function of pRz . It is obvious that Z/p − Zmp can
have significant contribution for nonzero pRz . Note that the
pRz = 0 case is somehow special, where both the Z/p − Zmp
and the imaginary part of Zmp are exactly zero.
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FIG. 4. The renormalized quasi-PDF matrix elements
with Pz = 10pi/L, using the minimal projection with
pz={0, 10}pi/L and two values of µR.
where C ′ = C(αs → −αs). We estimate the error due
to inverting the factorization formula this way by first
applying Eq. (5), and then Eq. (40) back to PDF from
a global-analysis [76]. Ideally, this shall reproduce the
original PDF. However, since we are only accurate up
to O(αs), the two results will differ, and the difference
gives us a good estimate of the systematic error coming
from the inversion, see Fig. 5. We see that the error
becomes larger when |x| is small. There are more sophis-
ticated methods to invert the factorization, such as using
a recursion procedure. However, we see in Fig. 6 that
the systematic error caused by the matching procedure
is smaller than other sources of systematics in most re-
gions. Therefore, The systematic error will be dominated
by other sources.
There are two unphysical scales pRz and µR whose
dependence should be cancelled out in the final result
for the PDF. However, since the renormalization of the
quasi-PDF on the lattice is nonperturbative, while the
matching coefficient is only calculated at one-loop order,
there will be residual dependence on these two scales after
the perturbative matching. We choose the central value
of the PDF to be matched from the RI/MOM quasi-PDF
at pRz = 2.15 GeV and µR = 3.7 GeV. To estimate the
residual pRz and µR dependence, we vary p
R
z from 1.3 to 3
GeV and µR from 2.3 to 3.7 GeV, and use the difference
of these matched PDFs as the systematics of the residual
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FIG. 5. The upper (lower) figure shows effects of inversion
of matching using minimal (/p) projection. The solid-black,
dotted-red, dotted-blue, and dot-dashed-green lines repre-
sent CT14nnlo PDF, apply inverse matching from CT14nnlo
PDF [76] to quasi-PDF, apply matching again to get back to
the PDF, the difference between PDF with iterative matching
and the original CT14nnlo PDF. These plots show that the
method we used to invert the matching formula is less reliable
in small |x| region. The difference shown by the dot-dashed-
green curve is taking into account into our systematic error.
Note that using /p projection causes a bigger error.
dependence of unphysical scales, see Fig. 6.
We observe that the systematic errors from the match-
ing and residual dependence on unphysical scales in /p
projection is usually bigger than that in minimal projec-
tion. This seems to indicate that the minimal projection
is a better projection which manifestly reduces the sys-
tematics in one-loop matching. Therefore we choose the
minimal projection for our analysis below.
IV. PDF RESULT AND DISCUSSIONS
We use the “derivative” method proposed in our ear-
lier work [37] to improve the truncation error due to the
Fourier transformation into x space; that is, we take the
derivative of the renormalized nucleon matrix elements
∂zh˜R(z) where a is the lattice spacing. The Fourier ex-
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FIG. 6. The solid-black, dotted-red, dotted-blue, and dot-dashed-green lines represent the errors from statistics and lattice
fitting, varying µR from 2.3 to 3.7 GeV, changing p
R
z from 1.3 to 3 GeV, the method of inverting the factorization formula, Eq.
(40), respectively. The left (right) figure is using minimal (/p) projection. We assume the errors are symmetric with respect to
the central value. Note that the error form different sources are usually smaller when using minimal projection.
pansion of this derivative differs from the original in a
known way
q˜(x) =
∫ +zmax
−zmax
dz
2pi
ieixPzz
x
∂zh˜R(z), (41)
∂zh˜R(z) is consistent with zero for |z| >15a (see Fig. 4)
and we take zmax=20a in this work as the lattice spacing
a here is smaller. The residual truncation systematics
can be quantified by using a known global PDF input by
checking how well it reproduces itself at lattice parame-
ters, as outlined in Ref. [37].
Using the renormalized PDF and applying the γt
matching, we show in Fig. 7 the result before and after
applying the matching formula Eq. 40, with the nucleon
boosted momentum, Pz = 2.6 GeV. The matching shifts
the positive mid-x quark distribution towards the PDF
from global analysis [76–78]. The matching effect is quite
significant at one-loop level, which suggests that it is nec-
essary to go to higher order to improve the precision.
After matching, we show the dependence on the nu-
cleon boosted momentum, see Fig. 8. As we discussed in
the previous section, the minimal projection has smaller
dependence on unphysical scales, suggesting that it is a
better choice of the projection. Therefore we choose min-
imal projection which manifestly reduces the systemat-
ics. The central value of the matched PDFs with /p and
minimal projections are similar with each other.
Finally, we show our result and compare it with global-
analysis PDF [76–78] in Fig. 9. As can be seen from the
plot, our result shows a reasonable agreement with global
analysis in most x region.
V. SUMMARY
In this paper, we study the quasi-PDF defined with
γt which is free from mixing at O(a0). We use Mpi =
quasi PDF
matched PDF
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FIG. 7. The quasi-PDF (dashed-green) with nucleon boost
momentum 2.6 GeV and matched PDF (solid-blue) at µ =
3 GeV. We choose the unphysical RI/MOM scales to be pRz =
2.2 GeV and µR = 3.7 GeV to evaluate the central value. We
choose the minimal projection to minimize the dependence
of pRz and µR. The matching process changes the quasi-PDF
significantly.
310 MeV lattice data to demonstrate the matching pro-
cedure and show that the excited state contamination is
well under control. The one-loop matching coefficient is
calculated and we discuss the sources of systematic er-
rors as well as the choice of the projection in detail. We
conclude that the minimal projection is a good choice to
reduce the dependence of unphysical scales.
As exhibited in Fig. 7, the significant change from
quasi-PDF to matched PDF suggests that the higher-
loop corrections are needed. The larger momentum is
preferred in the future to suppress the higher twist con-
tribution, thus allowing us to obtain better result in small
|x| region.
Through our error analysis, we provide ways to im-
prove the systematic uncertainties. Our final result,
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FIG. 8. Nucleon boost momentum dependence of the
matched unpolarized isovector PDFs: the dotted-purple,
dashed cyan, and solid-black lines correspond to the nucleon
momentum Pz to be 1.7, 2.15, and 2.6 GeV, respectively.
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FIG. 9. Our final PDF at µ = 3 GeV calculated from
RI/MOM quasi-PDF at nucleon momentum Pz = 2.6 GeV:
Comparing with CT14nnlo (90CL) [76], NNPDF3.1 (68CL)
[77], and MMHT2014 (68CL) [78]. Our result agrees with the
global-analysis within our uncertainties for the most x region.
which agrees with the PDF from experimental global-
analysis, shows promising signs that the LaMET will lead
us to a precision lattice calculation of parton physics in
the future.
ACKNOWLEDGMENT
We thank the MILC Collaboration for sharing the lat-
tices used to perform this study. The LQCD calculations
were performed using the Chroma software suite [75].
YSL thanks Jun Gao, Xiangdong Ji, Wei Wang, and
Shuai Zhao for useful discussions. This research used re-
sources of the National Energy Research Scientific Com-
puting Center, a DOE Office of Science User Facility sup-
ported by the Office of Science of the U.S. Department
of Energy under Contract No. DE-AC02-05CH11231
through ALCC and ERCAP; facilities of the USQCD
Collaboration, which are funded by the Office of Science
of the U.S. Department of Energy, and supported in part
by Michigan State University through computational re-
sources provided by the Institute for Cyber-Enabled Re-
search. JWC is partly supported by the Ministry of
Science and Technology, Taiwan, under Grant No. 105-
2112-M-002-017-MY3 and the Kenda Foundation. LCJ
is supported by the Department of Energy, Laboratory
Directed Research and Development (LDRD) funding of
BNL, under contract de-ec0012704. YSL is supported
by Science and Technology Commission of Shanghai Mu-
nicipality (Grant No.16DZ2260200) and National Natu-
ral Science Foundation of China (Grant No.11655002).
HL and YY are supported by the US National Science
Foundation under grant PHY 1653405 “CAREER: Con-
straining Parton Distribution Functions for New-Physics
Searches”. JHZ is supported by the SFB/TRR-55 grant
“Hadron Physics from Lattice QCD”, and a grant from
National Science Foundation of China (No. 11405104).
YZ is supported by the U.S. Department of Energy, Office
of Science, Office of Nuclear Physics, from de-sc0011090
and within the framework of the TMD Topical Collabo-
ration.
APPENDIX
A. One-loop quasi-PDF with γα in general covariant gauge
The gluon propagator in the general covariant gauge is
iDµντ (k) = −
i
k2
[
gµν − (1− τ)k
µkν
k2
]
. (42)
For general Γ = γα, the one-loop result can be expressed as
q˜(1)(x, p, ρ) = Tr
[([
f˜α(x, ρ)
]
+
γα +
[
f˜z(x, ρ)
]
+
pα
pz
γz +
[
f˜p(x, ρ)
]
+
pα/p
p2
)
P
]
, (43)
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where
f˜α(x, ρ) =
αsCF
2pi

x−ρ
(1−x)(1−ρ) +
2x(2−x)−ρ(1+x)
2(1−x)(1−ρ)3/2 ln
2x−1+√1−ρ
2x−1−√1−ρ x > 1
−3x+2x2+ρ
(1−x)(1−ρ) +
2x(2−x)−ρ(1+x)
2(1−x)(1−ρ)3/2 ln
1+
√
1−ρ
1−√1−ρ 0 < x < 1
− x−ρ(1−x)(1−ρ) − 2x(2−x)−ρ(1+x)2(1−x)(1−ρ)3/2 ln 2x−1+
√
1−ρ
2x−1−√1−ρ x < 0
+
αsCF
2pi
(1− τ)

ρ(−3x+2x2+ρ)
2(1−x)(1−ρ)(4x−4x2−ρ) +
−ρ
4(1−ρ)3/2 ln
2x−1+√1−ρ
2x−1−√1−ρ x > 1
−x+ρ
2(1−x)(1−ρ) +
−ρ
4(1−ρ)3/2 ln
1+
√
1−ρ
1−√1−ρ 0 < x < 1
− ρ(−3x+2x2+ρ)2(1−x)(1−ρ)(4x−4x2−ρ) − −ρ4(1−ρ)3/2 ln 2x−1+
√
1−ρ
2x−1−√1−ρ x < 0
, (44)
f˜z(x, ρ) =
αsCF
2pi

−2ρ(1−7x+6x2)−ρ2(1+2x)
(1−ρ)2(4x−4x2−ρ) gzα +
4x(1−3x+2x2)−ρ(2−11x+12x2−4x3)−ρ2
(1−x)(1−ρ)2(4x−4x2−ρ)
+
[
ρ(4−6x−ρ)
2(1−ρ)5/2 gzα +
2−4x+4x2−5xρ+2x2ρ+ρ2
2(1−x)(1−ρ)5/2
]
ln 2x−1+
√
1−ρ
2x−1−√1−ρ
x > 1
−2+2x−ρ(1−4x)
(1−ρ)2 gzα +
(−1+2x)(2−3x+ρ)
(1−x)(1−ρ)2
+
[
ρ(4−6x−ρ)
2(1−ρ)5/2 gzα +
2−4x+4x2−5xρ+2x2ρ+ρ2
2(1−x)(1−ρ)5/2
]
ln 1+
√
1−ρ
1−√1−ρ
0 < x < 1
−−2ρ(1−7x+6x2)−ρ2(1+2x)(1−ρ)2(4x−4x2−ρ) gzα − 4x(1−3x+2x
2)−ρ(2−11x+12x2−4x3)−ρ2
(1−x)(1−ρ)2(4x−4x2−ρ)
−
[
ρ(4−6x−ρ)
2(1−ρ)5/2 gzα +
2−4x+4x2−5xρ+2x2ρ+ρ2
2(1−x)(1−ρ)5/2
]
ln 2x−1+
√
1−ρ
2x−1−√1−ρ
x < 0
+
αsCF
2pi
(1− τ)

ρ(1−2x)[−4x(1−x)(2+ρ)+3ρ2]
2(1−ρ)2(4x−4x2−ρ)2 gzα +
ρ[−4x(2−9x+6x2)+ρ(1−10x+2ρ)]
2(1−ρ)2(4x−4x2−ρ)2
+ρ[(2+ρ)gzα+3)]
4(1−ρ)5/2 ln
2x−1+√1−ρ
2x−1−√1−ρ
x > 1
−3ρgzα−1−2ρ
2(1−ρ)2 +
ρ[(2+ρ)gzα+3)]
4(1−ρ)5/2 ln
1+
√
1−ρ
1−√1−ρ 0 < x < 1
−ρ(1−2x)[−4x(1−x)(2+ρ)+3ρ2]2(1−ρ)2(4x−4x2−ρ)2 gzα − ρ[−4x(2−9x+6x
2)+ρ(1−10x+2ρ)]
2(1−ρ)2(4x−4x2−ρ)2
−ρ[(2+ρ)gzα+3)]
4(1−ρ)5/2 ln
2x−1+√1−ρ
2x−1−√1−ρ
x < 0
, (45)
f˜p(x, ρ) =
αsCF
2pi

−4xρ(3−5x+2x2)+ρ2(4−3x+4x2−4x3)−ρ3
(1−x)(1−ρ)2(4x−4x2−ρ) gzα +
−2xρ(5−6x)+ρ2(3−2x)
(1−ρ)2(4x−4x2−ρ)
+
[
−2ρ(1−4x+2x2)−ρ2(2−x+2x2)+ρ3
2(1−x)(1−ρ)5/2 gzα +
−ρ(2−6x+ρ)
2(1−ρ)5/2
]
ln 2x−1+
√
1−ρ
2x−1−√1−ρ
x > 1
ρ(1−2x)(4−3x−ρ)
(1−x)(1−ρ)2 gzα +
−2x+3ρ−4xρ
(1−ρ)2
+
[
−ρ(2−8x+4x2)−ρ2(2−x+2x2)+ρ3
2(1−x)(1−ρ)5/2 gzα +
−ρ(2−6x+ρ)
2(1−ρ)5/2
]
ln 1+
√
1−ρ
1−√1−ρ
0 < x < 1
−−4xρ(3−5x+2x2)+ρ2(4−3x+4x2−4x3)−ρ3(1−x)(1−ρ)2(4x−4x2−ρ) gzα − −2xρ(5−6x)+ρ
2(3−2x)
(1−ρ)2(4x−4x2−ρ)
−
[
−2ρ(1−4x+2x2)−ρ2(2−x+2x2)+ρ3
2(1−x)(1−ρ)5/2 gzα +
−ρ(2−6x+ρ)
2(1−ρ)5/2
]
ln 2x−1+
√
1−ρ
2x−1−√1−ρ
x < 0
+
αsCF
2pi
(1− τ)

16xρ(1−3x+2x2)+4x2ρ2(3−2x)−ρ3(5−2x)+2ρ4
2(1−ρ)2(4x−4x2−ρ)2 gzα
+ρ(1−2x)[16x(1−x)−2ρ(1+2x−2x
2)−ρ2]
2(1−ρ)2(4x−4x2−ρ)2 +
−ρ(4−ρ)(gzα+1)
4(1−ρ)5/2 ln
2x−1+√1−ρ
2x−1−√1−ρ
x > 1
ρ(5−2ρ)gzα+2+ρ
2(1−ρ)2 +
−ρ(4−ρ)(gzα+1)
4(1−ρ)5/2 ln
1+
√
1−ρ
1−√1−ρ 0 < x < 1
− 16xρ(1−3x+2x2)+4x2ρ2(3−2x)−ρ3(5−2x)+2ρ42(1−ρ)2(4x−4x2−ρ)2 gzα
−ρ(1−2x)[16x(1−x)−2ρ(1+2x−2x2)−ρ2]2(1−ρ)2(4x−4x2−ρ)2 − −ρ(4−ρ)(gzα+1)4(1−ρ)5/2 ln 2x−1+
√
1−ρ
2x−1−√1−ρ
x < 0
. (46)
B. Comparison to the pseudo-PDF approach
Recently, the pseudo-PDF approach [50–52] was pro-
posed as an alternate way to extract PDF from the same
spatial correlator on the lattice. In this approach, the
spatial correlator h˜(z2, zPz, a
−1) is considered as a func-
tion of Lorentz scalars z2 and zPz, and one can form a
ratio
R(z2, zPz) ≡ h˜(z2, zPz, a−1)/h˜(z2, 0, a−1) . (47)
At short distance |z|  Λ−1QCD, the ratio has a weak de-
pendence on z2 that can be described by an Altarelli-
Parisi type of evolution [13, 50, 54], and it can be matched
to the PDF through a factorization formula that has been
proven to be equivalent to the large-momentum factor-
13
ization for the quasi-PDF [13, 53].
The ratio in Eq. (47) is similar to the RI/MOM renor-
malized spatial correlator at pRz = 0, except that the
denominator in the latter is calculated from a quark
matrix element at a perturbative scale µR  ΛQCD.
At short distance |z|  Λ−1QCD, it can be understood
from the operator product expansion [13] that the dif-
ference between the quark and nucleon matrix elements
of h˜(z2, 0, a−1) is of O(z2Λ2QCD), thus the pseudo-PDF
ratio or the RI/MOM spatial correlator at pRz = 0 should
be consistent with each other to extract the PDF.
Based on our simulation on an a12m310 ensemble
(a=0.12fm, mpi=310 MeV), we compare the RI/MOM
renormalized spatial correlator h˜R(z, Pz, p
R
z = 0, µR)
with the ratio R(z2, zPz) at three different nucleon
momenta Pz as shown in Fig. 10. As one can see,
h˜R(z, Pz, p
R
z = 0, µR) and R(z
2, zPz) are consistent with
each other except that the ratio has slightly smaller un-
certainties. On the other hand, we can show that in the
pRz → 0 limit, the matching coefficient for the RI/MOM
quasi-PDF in Eq. (33) is identical to the Fourier trans-
form of that for the ratio [13, 53, 54, 79]. Therefore, the
ratio in the pseudo-PDF approach will yield almost the
same result as the RI/MOM quasi-PDF at a particular
renormalization paramter pRz = 0.
Of course, there are still discrepancies in the matching
procedure among different groups, which could lead to
slight differences in the final results. But with the same
lattice data, the pseudo-PDF and LaMET approaches—
no matter how the matching procedure is carried out—
are equivalent in extracting the PDFs.
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FIG. 10. The RI/MOM renormalized quasi-PDF matrix element hR(z, Pz, p
R
z = 0, µR) (the upper panels), v.s. the ratio
R(z2, zPz) (the lower panels). The two left panels for the real parts and the right ones for the imaginal parts. Both of them
show weak dependence on Pz as the function of zPz. The uncertainties are also somehow similar while that of R(z
2, zPz) are
slightly smaller.
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